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Abstract

We suggest that the Lamb shift can be approximated by a very simple func-
tion that seems accurate enough for most experimental researchers working
with elements where the relativistic effects of the electron are minimal, that is
up to element 80 or so. Even if our new approximation does not show any-
thing new in quantum chemistry per se, we think that it can be useful for ex-
perimental researchers and students of both quantum physics and chemistry;
now everyone can calculate the Lamb shift on the back of an envelope.
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1. A Very Simple Lamb Shift Approximation Formula

The Lamb shift was discovered by Willis Lamb and measured for the first time in
1947 by Lamb and Retherford [1] [2] [3] on the hydrogen microwave spectrum.
This shift is actually a difference in energy between two energy levels of the hy-
drogen atom that was not predicted by the Dirac [4] equation.

In this short note, we present a simple approximation for the Lamb shift for
one electron in any atom. The only input needed in this formula is the atomic
number. We compare it with far more complex methods presented in the litera-
ture and we provide a table of Lamb shift observations to show that our ap-
proximation is quite accurate.

We suggest that the Lamb shift can be approximated very well with the fol-
lowing function (the output will be in electron volts)
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where Z is the atomic number and X and Y are constants. Optimization indi-
cates that setting X =4.2 and Y =3.53 gives accurate results. The optimizing
is done on the criteria that the sum of the squared percentage error relative to
the benchmark data' is minimized, that is we are simply minimizing
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ZN [;] . The method can be improved further by dividing the ele-
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ments into segments and optimize X and Y for each segment. Another alterna-
tive is to add one more constant; this gives a function
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where the optimized result based on the same optimization criteria as above
gives a=-13, X =449 and Y =35.

Table 1 shows predictions from our two simple formulas compared to the
predictions generated by much more complex calculations from quantum elec-
trodynamics, see [5] and also [6] [7]. Our model gives minimal physical insight.
It can best be described as a curve fitting function. However, we will claim that
even simple curve fitting functions can be useful. If someone asks you about the
Lamb shift in a job interview, for example, you can calculate it in your head, or
at least on the back of an envelope. In addition, students with just an introduc-
tory course in physics and little or no knowledge of quantum electrodynamics
can gain some basic intuition about the approximate size of the Lamb shift for a
single electron.

Our approximation formula also provides good predictions for the higher
elements. Recently, [8] measured the Lamb shift for hydrogen-like lead and gold
using microcalorimeters. They measured (211 + 42) eV for hydrogen-like gold
and (260 * 53) eV for hydrogen-like lead. Quantum electrodynamics predicts a
Lamb shift of 205.2 for gold and 244.6 for lead. The Lamb shift prediction we
get from our simplest approximation formula for hydrogen-like gold, element 79,

is

3.53
AT 90983, (3)
100000
and for lead, element 82, it is
3.53
AL 03934, (4)
100000

We conclude that our approximation seems quite accurate and may be suffi-
cient for most experimenters. Our formula is very simple and could be useful for
experimental researchers as well as students wanting to do quick back on the
envelope Lamb shift calculations. However, for higher order elements (above 80
or so), relativistic effects start to emerge and the approximation is no longer ac-

curate.

!In this case the Johnson and Soff data.
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Table 1. This Table shows our Lamb shift approximation as well as more accurate calculations based on quantum electrodynamics
by Johnson and Soff. The outputs are in electron volts (eV).

Element Element Johnson Simple approx % Error Simple approx % Error
number & Soff* XxZ" a+XxZ"

Hydrogen H 1 0.000034 0.000042 24.3% 0.000033 3.5%
Helium He 2 0.000445 0.000485 8.9% 0.000495 11.1%
Lithium Li 3 0.001978 0.002030 2.6% 0.002087 5.5%

Beryllium Be 4 0.005642 0.005604 0.7% 0.005734 1.6%

Boron B 5 0.012638 0.012320 2.5% 0.012537 0.8%
Carbon C 6 0.024326 0.023449 3.6% 0.023743 2.4%

Nitrogen N 7 0.042180 0.040406 4.2% 0.040733 3.4%
Oxygen O 8 0.067783 0.064738 4.5% 0.065009 4.1%
Fluorine F 9 0.102797 0.098113 4.6% 0.098183 4.5%

Neon Ne 10 0.148944 0.142315 4.5% 0.141973 4.7%
Sodium Na 11 0.207925 0.199235 4.2% 0.198195 4.7%
Magnesium Mg 12 0.281696 0.270869 3.8% 0.268757 4.6%
Aluminum Al 13 0.371958 0.359310 3.4% 0.355658 4.4%
Silicon Si 14 0.480818 0.466747 2.9% 0.460980 4.1%
Phosphorus P 15 0.610135 0.595458 2.4% 0.586889 3.8%
Sulfur S 16 0.762018 0.747813 1.9% 0.735629 3.5%
Chlorine Cl 17 0.938326 0.926262 1.3% 0.909518 3.1%
Argon Ar 18 1.141415 1.133343 0.7% 1.110951 2.7%

Potassium K 19 1.372401 1.371670 0.1% 1.342393 2.2%
Calcium Ca 20 1.634631 1.643937 0.6% 1.606378 1.7%

Scandium Sc 21 1.929222 1.952915 1.2% 1.905509 1.2%
Titanium Ti 22 2.260265 2.301449 1.8% 2.242452 0.8%

Vanadium V 23 2.626024 2.692456 2.5% 2.619942 0.2%

Chromium Cr 24 2.895073 3.128924 8.1% 3.040772 5.0%
Manganese Mn 25 3.480287 3.613912 3.8% 3.507800 0.8%
Zinc Zn 30 6.429914 6.878398 7.0% 6.640028 3.3%
Zirconium Zr 40 16.874495 18.989829 12.5% 18.174229 7.7%
Tin Sn 50 36.017933 41.745859 15.9% 39.686355 10.2%
Neodymium Nd 60 68.365880 79.455361 16.2% 75.123470 9.9%

Ytterbium Yb 70 122.832930 136.913216 11.5% 128.851488 4.9%
Mercury Hg 80 217.843402 219.359751 0.7% 205.618065 5.6%
Thorium Th 90 401.838626 332.449243 17.3% 310.523953 22.7%

Fermium Fm 100 809.008650 482.224521 40.4% 448.999987 44.5%

Darmstadtium Ds 110 1853.590700 675.095898 63.6% 626.788082 66.2%

*The original Johnson and Soff values must be multiplied by 0.000123986 to get them into the unit
system used here.
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2. Summary

We have presented some very simple approximation formulas for the Lamb shift
for hydrogen-like atoms. The approximation seems to fall inside the error range
of observed Lamb shifts and can, therefore, be an adequate approximation for
practitioners. The formula also makes Lamb shift calculations available to a wid-
er audience, including students with a limited math and physics background
who are interested in gaining some intuitions on how large the Lamb shift is for

hydrogen-like atoms.
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