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Abstract

The discovery of ultra-strong materials such as carbon nanotubes and diamond nano-thread structures has recently
motivated an enhanced interest for the physics of Space Elevators connecting the Earth with outer space. A new
concept has recently emerged in space elevator physics: Rotating Space Elevators (RSE) [Golubovi¢, L. &
Knudsen, S. (2009). Classical and statistical mechanics of celestial scale spinning strings: Rotating space elevators.
Europhysics Letters 86(3), 34001.]. Objects sliding along rotating RSE string (sliding climbers) do not require
internal engines or propulsion to be transported from the Earth's surface into outer space. Here we address the
physics of a special RSE family, Uniform Stress Rotating Space Elevators (USRSE), characterized by constant
tensile stress along the string. From the point of view of materials science, this condition provides the best control
of string’s global integrity. We introduce an advanced analytic approach to obtain the dynamic equilibrium
configurations of USRSE strings. We use our results to discuss the applications of USRSE for spacecraft launching.

Keywords: Space Elevators, Nonlinear Dynamics, Statistical Mechanics, Space Travel, Asymptotic Methods
1. Introduction

Space Elevators connecting the Earth with outer space have gained an increased attention in this millennium
(Edwards & Westling, 2003). This interest emerged in part due to the discovery of ultra-strong materials such as
carbon nanotubes (Yu et al., 2000a, b) and diamond nano-thread structures (Fitzgibbons et al., 2014), that can be
used to build a space elevator. On the physics side, space elevators are also interesting because they are cosmic
scale realizations of physical systems with reduced dimensionality such as the strings, polymers, and membranes
(Kardar, 2007; Nelson, 2002; Nelson, Piran & Weinberg, 1988).

Recently, a new concept has emerged in the area of applied non-linear and statistical physics: Rotating Space
Elevator (RSE) (Golubovi¢ & Knudsen, 2009; Knudsen & Golubovié, 2014, 2015, 2016). The RSE is a double
rotating floppy string reaching outer space locations. Interestingly, objects sliding along the RSE rotating string
loops (sliding climbers) do not require internal engines or propulsion to be transported far away from the Earth's
surface; see Figure 1(a). The RSE thus solves a major problem in space elevator physics which is how to supply
energy to the climbers moving along space elevator strings. In this study we address the physics of a special RSE
family, Uniform Stress Rotating Space Elevators (USRSE), introduced by Golubovi¢ and Knudsen (2009). USRSE
is characterized by constant tensile stress along the string. From the point of view of materials science, this
condition provides the best control of string’s global integrity over its entire length. In this work, we introduce an
advanced analytic approach to obtain dynamic equilibrium configurations of USRSE strings. We then use our
results to discuss the applications of USRSE for spacecraft launching.

2. USRSE Dynamic Equilibria

The RSE concept is based on specially chosen (“magical”) line mass density of the floppy string such that the
rotating string is in dynamic equilibrium (in the non-inertial frame rotating with the planet) in the presence of
planetary gravitational forces and inertial forces involving the internal centrifugal force due to string rotation and
the centrifugal force due to the planet’s rotation (Golubovi¢ & Knudsen, 2009; Knudsen & Golubovi¢, 2014, 2015).
These rotations and the planet’s gravity cause a tension in the string. USRSE is a special family of RSEs such that
the local tensile stress (tension per unit area of the string cross section) is uniform, i.e., constant along the string.
In the context of traditional space elevators (Pearson, 1975), the constant stress condition provides a simple and

56



apr.ccsenet.org Applied Physics Research Vol. 11, No. 6; 2019

very good control of the string’s global integrity, in view of a finite tensile strength (breakup tensile stress) of
realistic string materials such as carbon nanotubes (Yu et al., 2000a, b).

USRSE and equipotentials of the lDeﬁ
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Figure 1. In panel (a), we display the USRSE (attached to a linear space elevator, LSE, along R, axis) with Trss =

4.22 min time period of rotation around R; axis. The system is attached to the Earth or another planet (blue) at its

equator. The figure also includes the equipotentials of the effective potential in Eq. (2). Sliding climbers oscillate
between two turning points (indicated by straight arrows) that are on the same equipotential (adapted from

Golubovi¢ & Knudsen (2009)). In panel (b), we display several USRSE forms numerically found at different

time periods Txs , all obtained at the stress parameter K = % (adapted from Knudsen & Golubovi¢, 2014)

The USRSE condition of uniform stress imposes a constraint on the string form in its dynamic equilibrium,
determined by solving the differential equation (Golubovi¢ & Knudsen, 2009; Knudsen & Golubovié, 2014),

d?R, dR dR
arz __[1 + 2 ] [az(Rp Ry) — a1(R1'R2) : (1
The function R,(R,) describes the string’s dynamic equilibrium form (as in the snapshot in Figure 1). In Eq. (1),
the stress parameter K = p/p, where p is the uniform tensile stress in the string and p is the mass density of
the string’s material. Noteworthy is that K has dimensions of velocity squared. In Eq. (1), a; = —0®.¢¢/0R;
(i =1,2), where @ is the effective potential,

Popy = — L 102R2 — (02, + %) B3 @)
Here, Qpsp is the USRSE angular velocity of its internal rotation about R; axis (see Figure 1(a)), Qj is the
angular velocity of the planet, Ry is the planet’s radius and g is the gravitational acceleration on its surface. We
note that, in this context, the string tensile stress is best characterized by dimensionless stress parameter K =
K/vi where v, = \/E is the planet’s 1% cosmic speed. Clearly from Egs. (1) and (2), finding the USRSE
dynamic equilibrium form is a complex problem full of secrets and mysteries. The problem was addressed
numerically in the past, for the purposes of numerical simulations of USRSE and sliding climbers dynamics
(Golubovic & Knudsen, 2009; Knudsen & Golubovi¢, 2014). Figure 1 displays some numerically obtained forms

2

of USRSE. Thus, Figure 1(a) shows numerically found USRSE dynamic equilibrium shape for Tgrgp = =

QRrsg

4.22 min and K = 1/4 corresponding to the USRSE string tensile stress p = Kov? = 20.24 GPa (for the
Earth’s 1% cosmic speed,v; = 7.9 km/sec) if the USRSE is made of carbon nano-tubes (CNT) with p =
1,300 kg/m3. Thus, importantly, the tensile stress p = 20.24 GPa of this USRSE is significantly smaller than
the tensile strengths (breakup stresses) pnqx = 60 GPa of single-wall CNT, and p,,q = 150 GPa of multi-
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wall CNT (Yu et al., 2000a, Yu et al., 2000b). So, the USRSE in Fig 1(a) is technologically achievable with modern
day materials. Moreover, interestingly, the USRSE in Fig 1(a) (with K = % and Tgrgp = 4.22 min) is capable to

launch spacecraft into the Earth’s orbit (Golubovié¢ & Knudsen, 2009; Knudsen & Golubovié, 2014). It is however
certainly safer to use an USRSE with even smaller stress parameter, K < 1/4. Here, we will address the question

about the feasibility of such smaller stress USRSEs to launch spacecraft.

In this study we analytically address the problem of finding the dynamic equilibrium forms of rotating USRSE
strings. Having in mind the possibility of dealing with USRSE systems not just on the Earth but also on other
planets (or asteroids) poses the shape problem in the five-dimensional parameter space of the free parameters
(K, Qpse »Rg, g, Q) which determine USRSE shape and size by solving Eq. (1). Many questions can be asked
about the solutions to Eq. (1). For example, one would like to have a general analytic result for the maximum value
of the rotating string speed, V4., Which occurs at the string point with the maximum value of the R, coordinate
in Figure 1 (called as apex in the following). This point on the string plays the major role in the potential USRSE
applications for launching spacecraft (Knudsen & Golubovié¢, 2014), since the maximum rotating spring speed
Vmax = Qrse  Ramax 1S reached only at the apex.

Numerical results displayed in Figure 1(b) indicate that USRSE linear sizes, such as R; 4y, decrease relative to

the planet radius Ry , with decreasing USRSE time period Tggy = QZ—" This feature suggests approaching the
RSE

shape problem in Egs. (1) and (2) by expanding the effective potential in Eq. (2) in powers of Ri = % and
E E
RL = ii. To the leading order in this systematic expansion we find,
E E
! 1 A
q)eff(x' y) = (Deff(ovo) +gx— E(QRSE)Z:VZ 3)
while Eq. (2) assumes the form,
d%y 1 N1 0 , dy
g e [1 + (E) ] [(QRSE)Zy +9' “4)
In Egs (3) and (4),
1 I A
9 =9 (1=21)), Qrsp)? = Qksr —0F (1- 71 (5)
h A—(ﬁ)z—(“)2 ith Tyq, = == (sidereal d d T, =2 =2 (the period of the circul
where A; = o) " \Tagy) wi day = o (sidereal day), and T; = oo (the period of the circular

orbit with the radius Rg). For the Earth, Ty, = 1436.07 min and T; = 84.44 min; thus A; = (0.0588)* =
0.00346. Such typically small A; values characterize all planets, to assure they do not fall apart due to their own
rotation. We stress that the analysis in this paper is general and it can be applied to any planet. We also note that
Q;QSE = QOpsp >y, le., T’RSE = Trsg K T; ; see Figure 1(b). The necessity of this condition will be
elucidated in this study. We proceed by rescaling the (x,y) coordinates in Eq. (4),
x=1X,y= 1Y (6)

with the length scale

VK _ U1\/§

! - !
Qpse Qgrse

A= (7)

This rescaling transforms Eq. (4) into the dimensionless form,
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== [ @) Tl e ®)

having a single dimensionless parameter, ¢, defined by,

(g’ )2 (g’ )?
a= == 9
K(Qpsp)?  vi R(Qgsg)? ©)

a parameter will play the central role in all of the following discussions. Using the above definitions, this
parameter can also be expressed by the relation,

ey

1 T1

“T % TrsE)
1—(7,—1) (1+43)

(10)

which can be inverted to express the RSE period in terms of «,

TRSE — \/ﬁ (1 1)
Ty J1+aK(1+43)

where, A,= %Al(l - §A1)/(1 — A;)?. With the previously mentioned A; = 0.00346 for the Earth, one finds

A,= 0.00520.

Apparently from Eq. (10), small « isreached if Trsp < T;. We note this because it will be revealed in this study
that applying USRSE for spacecraft launching is only feasible with USRSEs having very small a values (a~1072
or even smaller). Here, we have in mind realistic string materials (such as carbon nanotubes, Yu et al., 2000a, Yu
et al., 2000b) with limited permissible values of the stress parameter K (such as the aforementioned K = S or
even smaller).

Interestingly, by the above definitions, a can also be expressed as,

1

a= (12)

1+[(%)2—1](1+K(1+A2))

with,

Ty

Thax = (13)

(1-A1) %+1+A2

The timescale Tp,,, in Eq. (13) plays a special role in the RSE physics. A sliding climber starting at rest at the
Earth (or another planet) surface will accomplish its travel to outer space (as depicted in Fig 1(a)) only if Trgp <
Tmax (Knudsen & Golubovié, 2014). Conversely, if Trgp > Tynax, an energy barrier due to gravity will force the
climber to remain localized at the planet surface (Knudsen & Golubovi¢, 2014). By Eq. (12), we can see that the
climbing threshold (Trsp = Tinax) €xactly corresponds to @ = 1. Therefore, USRSE can function as a space
elevator only if ¢ < 1. However, as will be shown in this study, such an USRSE can be used for spacecraft
launching only under a stronger condition that a is smaller than a characteristic @ value that turns out to be
much smaller than 1 for permissible values of the dimensionless stress parameter K (which are dictated by the
tensile strength of the material used to make USRSE string); see Sec. 4 and Figures 4(a) and 4(b) therein.

By the above definitions, the characteristic USRSE length scale A1 in Eq. (7) satisfies the relation,

A _ R
i 1_A1\/E. (14)

Thus, the apex R, coordinate, R; 4y = AYjmax is found to satisfy the relation

Bomax — K jay, (@), (15)
1-Aq

Rg

where Y., (a) is the maximum value of the USRSE shape function Y (X) obtained by solving Eq. (8) for a
given a value. By the above definitions one also finds that maximum rotating string speed (reached at the apex),
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Vmax = QrseRamax satisfies the relation,

ez - IR YV (@). (16)
1 1
It is very easy to see that the two important ratios in Egs. (15) and (16) are simply related to each other,
Rymax _ TRj Umax
R T1 1n a7

In the next section, we will obtain an analytic expression for the function Y,,,(a). We find that this function
actually diverges in the small-a limit; see Figure 2 in the following. This result, in connection with Eq. (16), is
fundamental since it shows that v,,,, will generally exceed the 1% cosmic speed v;, for any K value, provided
a is small enough! Thus, USRSE system can be used for spacecraft launching provided « is small enough. We
will also find that the value of vaVY,,,. (@) approaches zero in the small-a limit; see Figure 2 in the following.
This result, in connection with Eq. (15), is significant since it shows that USRSE linear sizes shrink relative to the
planet radius Ry . This self-consistently justifies the expansion yielding the Egs. (3), (4), end, eventually, Eq. (8)
which is central to this study. We also note that, to the leading order in small-a limit, Eqs. (10), (11) and (16)
reduce to simple forms,

~ L (TRsSE 2
a = (_n ). (18)
ie., Trsg/Th =V akK, and,
% = ——\K Yax(@), (19)
1 1

3. Asymptotic Analysis of USRSE in Small-o Limit
The USRSE shape differential equation Eq. (8) is strongly nonlinear at large string tangent slopes relative to the

X-axis, m = Z—; = tan(@) > 1. These large or even infinite slopes (6 = 90°) actually play the major role for

USRSE string morphology as discussed in the following. See Figure 1; note that the string is fangential to the

planet; therefore 6 = 90° at the USRSE string tying point to the planet. To initiate our analysis, we rewrite the
USRSE shape equation Eq. (8) in this form,

crall SN 1 (20)
1+(z) “

By multiplying Eq. (20) by dY/dX, the resulting LHS turns out to have the form of a total derivative,

£ lln( 1+ (Z—Z)Z) +Y2—2 = —«/E(Z—;)z 1)

ax |2

Note that for a = 0, the quantity in the square brackets on the LHS (named in the following as E, quasi-energy),
1 ar\?\ | r2
15_5111(1+(§))+7 22)

is constant (conserved) and the Eq. (21) becomes integrable. This feature motivates the asymptotic analysis USRSE
morphology in small-a¢ limit done in the following . Prior to this, it is illuminating to note exact analogy of our

physical problem in Egs. (20) and (21), to the dissipative particle dynamics (in quasi-time X, with the quasi-particle

position Y(X) and quasi-velocity m = Z—;) of a quasi-particle characterized by an anharmonic form of kinetic

2 2
energy, iln( 1+ (j_;) ), moving in the harmonic potential % In this analogy, the RHS of Eq. (21) is the
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L . . . d
dissipative power (loss rate of the quasi-energy E ) due to quasi-viscous friction force —a d—;. Thus, the

problem of the USRSE shape is closely related to a problem in dissipative particle dynamics involving an

anharmonic form of particle kinetic energy. In particular, the maximum value of Y reached along the USRSE
string, Y4, 1S analogous to the quasi-particle turning point (at which the quasi-velocity m = Z—; = 0). On the

USRSE side of this analogy, we note that Y,,,, plays a significant role in the applications of USRSE for launching
spacecraft (Golubovi¢ & Knudsen, 2009; Knudsen & Golubovi¢, 2014). The Y4, corresponds (via R max =
AY iy see Eq. (6)) to the maximum value of R,. This location (apex of the string) plays essential role in the
applications of USRSE to launching spacecraft (Golubovi¢ & Knudsen, 2009; Knudsen & Golubovi¢, 2014)

because the local rotating string’s speed ( Qgsg R,) is at its maximum at the apex.

We will consider Eq. (21) in the form,

a4 _ _ 2
—E = —Vam?, (23)
with,
_1 2y L Y2 _ 1 y?
E—Zln(1+m)+2—ln(cos(e(y)))+2 (24)
Here,
dy
m=-——= tan(6@) (25)

is the slope (relative to X axis) of the tangent to the string. Our next step will be to consider the quantities E,

m, and the tangent slope angle 8 as functions of Y rather than X. For this purpose, in Eq. (23), we write the

derivative as — =22 = mi, transforming Eq. (23) into,
dx — dxady ar
LE=—Jam (26)
ay

By Eq. (24),
m(Y) =V e2EM-r? —1 (27)
on the left ascending (m > 0) string section in Figure 1(a). By Egs. (26) and (27),

LEWY) = —Va Ve —1 (8)

In the following we focus on obtaining an asymptotically exact solution to Eq. (28) in small-a limit. For a = 0,
Eq. (28) is manifestly solvable, yielding E(Y) = const. Therefore, E(Y) = E(Y = 0) = E(Y = Yy4.), S0, by
noting that (Y) = 0 at the maximum value of Y = Y,,,, Eq. (24) yields,

_ 1 Y_z _ 1 _ (Ymax)Z
E=in (cos(e(y))) + 2 In (cos(e(y=o))) - 2 (29)

Thus, for @ = 0,

(ax)? = In (o) (30)

[cos(6(Y=0))]2

Therefore, in the & = 0 case, the maximum value of Y depends only on the value of the local string slope
(relative to X axis) at the string base, (Y = 0).
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However, due to gravity, the a value for the USRSE is not zero; see Eq. (9). Moreover, as seen in Figure 1, for
the USRSE, the string is tangential to the Earth surface. So, (Y = 0) = 90° for the USRSE case. A 8(Y = 0)
value smaller then 90° would produce an energy barrier (due to gravity) keeping sliding climbers localized on
the planet surface. The climber dynamics depicted in Figure 1(a) happens thanks to having 6(Y = 0) = 90°. In
addition, with (Y = 0) = 90, the tension forces in the upper and lower string branch in Figure 1 are exactly
balanced yielding zero net force exerted on the string’s tying point to the Earth, which is obviously a desirable
feature. Interestingly, while the gravity induces a nonzero a in the USRSE case, and while the contact angle
6(Y = 0) is exactly 90°, the following discussions show that the value of Y,,,, is approximately given by an
equation of the form of Eq. (30) however with an effective, a-dependent contact angle (the angle 8¢5 in Egs.
(57-58) in the following).

To proceed, we change the variable E(Y) into the variable,
Z(Y) = e EM (31)
This change transforms Eq. (28) into the equation,

SZ(Y) = e 21 - 22(V)e”? (32)

Importantly, as shown in the following, Eq. (32) turns out to be tractable in small-a limit by asymptotic methods
(see, e.g., Mathews & Walker, 1970). Note that, by Egs. (31) and (24),

Z(Y) = cos(8(Y))e ™" /2 (33)
Thus, at the string’s apex (Y = Y,,,4,, where 8 = 0), one has
Z(Vingx) = e~ Uma’/2 (34)
while at the string base (at the Y = 0 contact with the planet),
Z(Y =0) =cos(6(Y =0)) (35)

We recall that for the actual USRSE, 6(Y = 0) =90°, so Z(Y =0) =0.

To asymptotically solve Eq. (32) in small-a limit, we turn it into the integral equation,

Z(Y) = 2(0) +Va [} dy’ e (") 12T Z2(¥)e 0 (36)

By expanding the square root on RHS of Eq. (36) by means of binomial formula, and by integrating term by term,
we find,

200) = 20 + V& [l + T -0 (V2) 1 z0op) (37)
with [o(Y) = [/ dY' e @/? e,

© ; —(y")?
L) = [>—["dy'e (¥')’/2 (38)
And
L ZEY = ) dy' e@r D02 7oy (39)
for n =1,2,3,... For Y2 » 1, the integral in Eq. (38) is dominated by the lower bound (Y’ values just above

Y) and it can be asymptotically calculated, with the result,

-Y2/2
Io(y) = g_ < Y

(40)
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to the leading order for a large Y?2. On the other side, the integrals in Eq. (39) are all dominated by the upper bound

(Y’ values just below Y). These integrals can be thus also asymptotically calculated for Y? > 1, with the result,
e-Y2/2 -Y2/2

[V’ Z2(N)]" = < [cos2(O(Y)]", (41)

(n-1)Y

LY {Z()}) =

(2n-1)Y

to the leading order for a large Y2. See the appendix for discussions of the asymptotic expansions yielding Eqs.
(40) and (41). By Egs. (35), (37), (40), and (41), we find that for Y2 > 1,

y?2

Z(Y) = cos(8(Y = 0)) +va \/g + 2 le(v. 21| (42)
where
Q(Y,Z(Y)) = Z2(Y)e"” = cos2(6(Y)), (43)
while the function f[Q] in Eq. (42) is,
flol = -1+ 3, (M) £ (44)

As shown in the appendix, the sum in Eq. (44) turns out to be exactly doable, yielding,

flQl=—J1-Q — /Q Arccos(/1— Q) (45)

Thus, by Egs. (42) through (45), we find that, for Y2 > 1 ,

cos(8(Y)) e™"*/2 = cos(8(0)) +vVa [ \E e <sin(6(Y)) +cos(8(1)) (2~ G(Y)))l (46)

Eq. (46) provides the way to obtain important string morphology details in the situations with a large (Ypmax)?,
such as the value of (Ypax)? itself. The condition (Ypax)? > 1, implicitly assumed in the above asymptotic
analysis, is indeed always realized for USRSE in the small-a limit, as self-consistently confirmed in the following.
Let us obtain (Ypax)? by means of Eq. (46) with Y = Y;,.,. Since 8(Ypnar) =0, Eq. (46) reduces to the
equation,

e~ (ma)®/2 = cos(6(0)) +Va [\/g —g (47)

e—(Ymax)z/Z]

Ymax

Note that, for @ = 0, Eq. (47) reproduces the exact result in Eq. (30). More than this, Eq. (47) can be iteratively
solved for Y4, insmall-a limit. For this purpose, we rewrite Eq. (47) as

1

2
(cos(@(o))+\/§)

+ 2 ln(1+E ‘/E)

2 Ymax

(Ymax)2 =ln (43)

When va and cos(6(0)) are both small, the first term in RHS of Eq. (48) dominates over the second term, so
to the leading order in small «,
1

- —2
(COS(B(O))+\/§;>

To get the leading correction to this result, we insert the result in Eq. (49) into the second term on the RHS of Eq.
(48). This yields,

(Ymax)z =In (49)

Yman)? = In L 4+ Jo (50)

n 2

to 0(va) . For USRSE case, cos(8(0)) = 0, so by Eq. (50),

63



apr.ccsenet.org Applied Physics Research Vol. 11, No. 6; 2019

(Ymax)2=ln(i)+n Ja =1n(,,i) 14m—L (51)
2

Eq. (51) is the central result of the small-a& expansion. It will be used in the following to discuss launching of
spacecraft by applying USRSE. Note that in small-a limit the first term on RHS of Eq. (51) actually diverges. The
second term on RHS of Eq. (51) is the leading correction which approaches 0 when a — 0. Thus, for small-a, to
the leading order,

e = () (52
with,
() = In () (53

In view of Eq. (53), the small—a expansion can also be thought as large-(Y¥,,,)? expansion. For example, in terms

of Y, defined in Eq. (53) [yielding a = %exp(—(Ym)z)], the result in Eq. (51) is expressed as

~(rm)?/2 ~(rm)?/2
(Ymax)? = V) + \/Zn"’T = (Ym)? (1 +2n eT) (54

By Eq. (54), it is very transparent that, for (¥;,)? > 1, the leading term [(¥;,,)? on the RHS of Eq. (54) strongly
dominates over the exponentially small correction seen in the second term in Eq. (54). For example, at Y, = 2.5
(i.e. @ = 0.32-1072) the ratio between the second and the first term on RHS of Eqs (54) [i.e., Eq. (51)] is already
0.0146, and it rapidly decreases below this value with increasing Y, i.e. decreasing a. See Figure 2 below.

a) b)

a)

mas(
a”l Ymax ( a)

0002 0,00+ 0.006 0.008 0.002 0.004 0.006 0.008

o a

Figure 2. In panel (a), we display Y;,q,(@) versus a. In panel (b), we display vVa Y. (@) versus a.In each
panel, upper (lower) curves are the results obtained with (without) leading correction included. The displayed
results are significant in connection with the results in Egs. (15) and (19); see the discussions after Eq. (17)

Va

3/2
il
ill

Let us also note that Eq. (50) can be iteratively inverted to obtain « as a function of Y, with the result,

Vax(@) = in(5)

Ed

T
2

(35)

2 —(¥, )2 e—(Ymax)Z/Z
A(Vnax) = 2~ Omax (1+\/2n—> (56)

max

Finally, it is interesting to compare the exact result in Eq. (30) obtained for zero a case and anon-zero cos(6(0)),
with the result in Egs. (52-53) obtained for the USRSE case with non-zero a and zero cos(@ (0)). Apparently,
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the USRSE case result can be approximately related to the zero a result Eq. (30) with an effective slope
angle 6.5 at the string base which is given by,

cos(@eff) = \/270( (57)

In terms of the effective contact angle 6, , the result in Eq. (52-53) can be expressed as,

(Ymax)z = (Ym)z =lIn (%) (58)

[cos(Befp)]
4. USRSE Morphology and Applications for Spacecraft Launching

The USRSE apex is the fastest point along the rotating string. Therefore, for spacecraft launching, the most
important USRSE morphological element is the R, coordinate of the string apex, Rj gy, as well the rotating
string speed at the apex (in the non-inertial frame of the rotating planet), v,,,. To discuss these elements both
qualitatively and quantitatively, we will use our results from Secs. 2 and 3. Let us first combine these results into
a set of informative formulas. Thus, by combining the results in Eq. (55) with Egs. (15), (18), and (19), we obtain
the results,

v

mes __1_ J_ R ¥,..(a) = J_ ln(%) 1+5% (59)

Rg

Ramax _ _\/_Ymax(a) _\/_ in (i) 1+ g% (60)
2

as well as the results,

2 =
a1 \/_ln( (RSE)) 142 KD 61)

Ramax _ TRSE Vmax _ / TRSE T \? L JE T1
R T B < (TRSE) ) 1+ 2 2 (T \2 3/2 (62)
[m3e(eee) )
The results in Egs. (59) through (62) incorporate both the leading terms and the leading corrections coming from

the small @ expansion [see Eqs (51) and (54) and the discussions]. These corrections are however small (see
Figure 2) and they do not qualitatively affect the results.

It should be stressed that the results Eqs (59)-(62) are valid for any planet, as they express major USRSE properties

VUmax/V1 and Rymax/Rp in terms of the USRSE parameters (K, "2, A,). We recall that A,= G L2 s the
day

property of the planet. Due to its smallness, this parameter is somewhat secondary; in the plots in Figure we used
the Earth’s A;= 0.00346. The results in Eqgs. (59)-(62) are displayed in Figure 3. As seen in Figure 3, major

Ymax

qualitative feature o is that it diverges in the small-a limit, i.e., in the small ’;SE limit. This result, in

V1 1
connection with Eq. (16), is fundamental since it shows that v,,,, will generally exceed the 1% cosmic speed v; ,

TRSE

for any K value, provided a, i.e., is small enough, as documented in Figures 3(a-d). Thus, USRSE system

1

TRSE

can be used for spacecraft launching provided is small enough. Another general feature of USRSE

1

morphology evidenced in Figures 3(e,f) is that with decreasing T’;% (i.e., decreasing «), USRSE linear sizes,
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such as R, .4, decrease relative to the planet radius Ry . This self-consistently justifies the expansion yielding
the Egs. (3), (4), end, eventually, Eq. (8) which is central to this study. Another set of insightful relations is obtained
by combining Eq. (56) with Egs. (18) and (19). This yields the results,

(e | el
_Z 1 Vmax V1
a=- exp[ ( oy ) ] 1++V2m = Al,]max (63)
K v
And
(1-21)2 (vmax\?
2 exp|——=——77=
TRSE (1- A1) 17ma.x n [ 2K ( vy )
=+aK = \/K exp |— 1+ 3 oA vmax (64)
K v
a) b)
)
1s Y
\ =
N 3
max
vl max
! i
0.002 0.004 0.006 0.008 1 o
o In(o)
©)
20 d) N
]
e S—
max \\ Vmax
Vl 10 N A%
— 1
0.01 0.0 0.03 0.04 -8 -6 -4
/ )i
rse 11 n(Tose / T))
e) f)
R 0
ﬂlx RZ‘ max
R 0.02 .
E Ro
0.01 0.01
o /T
RSE 1

Figure 3. Panels (a) — (d), the results for v,,4,/v; versus a [Eq. (59)] and versus Tfi [Eq. (61)]. In each
1

. The two horizontal lines are at

ul | =

1
lg}

\llb-‘
OO|>—‘

panel, the four curves are (from top to bottom) for the cases K =

Vmax = V1 = 1% cosmic speed, and vp,q, = v, = V2 v; = 2" cosmic speed. Panels (e) — (f), the results for

R) max/Re versus a [Eq. (60)] and versus Tfi [Eq. (62)]. In each panel, the four curves are (from top to
1

U1I>—\
[N

bottom) for the cases K= %,%, and
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Figure 4. Plots of the results in Egs. (63) and (64) for two cases: V4, = V; = 1% cosmic speed, and vy, =
v, =2 v; =2 cosmic speed

The results in Egs. (63) and (64) (plotted in Figure 4) provide answers to a practically important question: What

should be the value of the USRSE parameters T’;SE to achieve a desired rotational speed at the apex, Vp,q,? From
1

Figure 4, it is clear that to achieve a significant ,,,, such as 1% or 2" cosmic speed, it requires using very small

TRSE Umax

if the value of K is small. For such values of and for a small K , one can drop the leading correction

1 V1

terms in Eq. (64). This yields the simple result,

T’ﬂ=\/% JE exp |42 (U"ﬂ)z] (65)

Ty 2K V1

Clearly by Eq. (65), to achieve Vg, = v; = 1% cosmic speed or V0 = v, = V2 v; = 2" cosmic speed with

TRSE

asmall K, it would take using USRSE with a very small p
1

Let us finally address spacecraft launching by means of USRSE. There are several possible scenarios of spacecraft
launching by using USRSE (see Knudsen & Golubovi¢, 2014). With sliding friction present, sliding climbers
starting at the planet surface would eventually stop near the RSE point minimizing the effective potential Eq. (2).
In the small-a limit, the stopping point is very close to USRSE apex, as evidenced by equipotentials displayed in
Figure 1(a). Thus, due to sliding friction, a sliding climber carrying a spacecraft eventually stops at the apex where
it can release the carried spacecraft into outer space. Let us consider this type of spacecraft launching from the
apex of the lower USRSE branch when it is in the plane of Figure 1(a). The spacecraft is initially at rest with
respect to the string at the apex, and then it is released into the direction of the planet rotation (into the Figure 1
plane). The released spacecraft speed in the inertial frame will be then,

Vreleased = Vmax + AV (66)
with the Av coming from the planet rotation,
Av = Q‘ERl,apex =Qp(Rg + xapex) (67)

Here, the x-coordinate of the apex,
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Xapex = A Xapex (68)
where A is the USRSE characteristic length scale (Egs. (7) and (14)), and,

T T

Xapex = i - (69)
2 ln<E—)
2(1
See the appendix for the derivation of Eq. (69). By Egs. (68-69) combined with Eq. (14),
Xapex __ K g\/a
R 1-A, | (70)
ln(n—)
Eﬂf
Thus, the contribution of the planet rotation to the released spacecraft velocity satisfies the relation,
Av _ QgRg Xapex\ _ T1 Xapex\ _ Th 4 %\/E
v, g (1+ R )_ Tday(1+ RE)_ Tday 1+1—A1 zn<i> (71)
S
We recall that for the Earth TTl = ,/A; = 0.0588. By the above and Eq. (59), we get the relation,
day

Vrelased  __ _VYmax Av _ Umax Ty Xapex\ _ _ 1 174 1 n Va bl K g\/a
Telsed . Pme |, 20 _ Yoy +—Tday(1+ ver) = VR ln(§a> 1+2[1n<1>r/2 o ESa= 0 (72)
T n\ 7
2% 2

which compares the released spacecraft velocity with the 1% cosmic speed at the planet surface, v;. However, to
infer the actual effect of the launch, one needs to compare vV,geqseq With the first cosmic speed at the position of
the apex relative to the planet center, (Ry gpex = Rg + Xapex »R2max), given by,

1/2
R
Vt,apex = (_E) vy = = (73)

1/4
Rapex (1+Xapex>2+(R2,max)z
RE RE

With this we have

Ureleased _ [(1 + xapeX)z + (Rz,max)z]1/4 Vreleased _ [(1 + xaﬂ)z + (Rz,maX)z]1/4 [v";% + % (1 + x‘lﬂ)] =

1 apex RE RE vq RE RE ay RE
1/2
X V. T X, 1x v, T 3Xx
(1 + apex) [ max | _T1 (1 + M)] ~ (1 + _M)M + _1(1 + _ﬂ) (74)
Rg vi  Tday R 2 Rg /v Tday Z Rg

valid to O(v/a). Using here Egs. (59) and (70), we obtain, to O(va),

Treleased o | 9 41K hil — VR ln(%) T LI 1+3.E LL I
1 2

Vi,apex 1-A4 1 1- 1 3/2 Tday 1-4A4 1
In{ 7 in In|l 7—
7@ a 3

y

R 1 Na 1 K XVa T. 3 R T/a

JE |1 (n—) 142 41 K 2 1, g 3K v

1-Aq n Ea + ln(L>]3/2 + 21-Aq m<i> + Tday + 21-Aq ln(i) (75)
“a 7Ta E(l

2 2 2

valid to O(v/a). Combining Eq. (75) with Eq. (18), we also obtain,
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Figure 5. Launching spacecraft by releasing it from USRSE apex into the direction of the planet rotation: the

four panels show the results for Vygeqse/V1apex versus a [Eq. (75)] and versus Tfi [Eq. (76)]. In each panel,
1

the four curves are (from top to bottom) for the cases K =

[

1
’g;

\l|>—‘
OOIH

. The two horizontal lines are at V,ejpqse =

V1 apex = 1% cosmic speed at the apex, and Vyeieqse = Vz,apex = V2 V1 gpex = 2™ cosmic speed at the USRSE

apex position

In Figure 5, we display the results in Eqs. (75) and (76) for the case of the Earth, with

= /A, = 0.0588.

From the figure one can see that achieving significant cosmic velocities at small values of K requires using small
values of T"SE . In this limit, Eq. (76) can be approximated by

Vreleased 2 T
et = \/_ ln( (TRSE) )+ szlzy 70

V1i,apex

day

yielding the result,
2
Trse _ |2 74 _ (1-81)* (vrelease _
T \/; \/E exp[ 2K <V1,apex Tday) ] (78)

Clearly by Eq. (78), to achieve Vreiease = Viapex = 1% cosmic speed (at apex) OF Vreiease = Voapex =

V2 V1 apex = 21 cosmic speed (at apex) with a small K, it would take using USRSE with a very small Irse

1
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Appendix
(1) Mathematical details aiding the derivation of Eq. (42). To calculate the sum in Eq. (44) we rewrite it as
flQ1=~1+/Q R[Q] (79)
with
1
_vo (1/2yEnm"2
hiel =2 (1) S (80)
Next, note that,
Lh[Q) = Zrre (VA2 - L[ T-q-1] (81)
dqQ Q3/2 n=1 n 2 2Q3/2

where the last step employed binomial formula. By Eq. (80), h(0) = 0, so, by Eq. (81),
Qs 1 7
h[Q] = [;7dQ oy W1-Q—1] (82)

Anti-derivative needed to perform this integration is,

70



apr.ccsenet.org Applied Physics Research Vol. 11, No. 6; 2019

Q] = fdQ—[Jl —Q-1]= & ‘/_+Arcsm(,/1 Q) (83)
as can be verified by differentiation. By Egs. (82) and (83),
h[Q] =]J[Q] —J[0] = [1 \/_‘/_ + Arcsm(,/ )] —== ‘/_ Arccos(,/l - ) (84)

By Egs. (84) and (79), we finally obtain

fIQl = =1 -Q —/Q Arccos(J1- Q) (85)

as stated in Eq. (45). QED

(1I) Asymptotic evaluation of the integrals in Eqs. (38) and (39), yielding the results in Egs. (40) and (41).

The [,(Y) in Eq. (38) is the standard error-function, and Eq. (40) displays the leading order terms of its asymptotic
expansion for large Y (see, Mathews & Walker, 1974). The correction to the result in Eq. (40) is ~ e~Y*/2/y3
which is subdominant to the term displayed in Eq. (40). Similar conclusion also applies to the integral in Eq. (39)
yielding the result displayed in Eq. (41). To asymptotically evaluate this integral, we change the integration

variable Y’ into the variable p suchthat Y' =Y — This transforms the integral in Eq. (39) into,

1)Y

L(Y{Z()} = 1)Y[ eV’ 22" Jn(Y) (86)
with,
Ja(Y) = 1 — e @n=DY* 4 j0y) — JB(y) — 1 (¥) (87)
where,
(1)(Y) f(Zn—l)YZ dp P [exp (ﬁ) _ 1] (88)
@ (2n-1)v? - 20~ Gty o
)=/, dp e’ |1—-\— (89)
i (2n-1)y? p? 20 Gy "
W)= [ dp e e (35057) - 1] 1‘(T) ©0)

Note that all integrands in Eqgs. (88) through (90) approach zero in large-Y limit. This, together with Eq. (87),
signals that the value of J,(Y) asymptotically approaches 1 in the large-Y limit, that is, the value of
I,(Y;{Z(*)}) in Eq. (86) approaches the result stated in Eq. (41). Let us examine the small corrections to this
result. In the large-Y limit, asymptotic expansions for the integrals in Egs. (87) through (90) can be generated by
expanding the integrands therein in powers of @ ’_Jl)y. This yields, for large-Y,

(1) _ p? _ 1
(Y) f dp e [2(2n-1)2Y2] ~ (2n-1)Y2 (91)
(2) _ - 2n Z/(Y) 1_ 2n Z'(V)
) = f dp e [Zn—l vz Pl T 2n-1vZ(Y) ©2)
(3) _ - 2n Z'(V) ] _ 6n z'(Y)
) = f dp e [2(2n 1)2Y2] [Zn—lYZ(Y)p T (2n-1)3 Y3Z(Y) ©3)
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!
To complete the calculation, we need to obtain the value of the logarithmic derivative ZZ(—(YY)) for large-Y. By Eq.

(32), Zm = Vae /2 /ZZ_(Y) — e¥?, while by Eq. (42) [for the USRSE case, with cos(6(0)) = 0], for Y2 » 1,

Z(Y)

one has Z(Y) = Ea, with a expressible as a = %e—%ax; see Egs. (52-53). We thus find,
w = E _YZ/Z — _(Y‘rglax_yz)
70 \/; e 1—e %94)

for Y2 > 1. Thus, by Egs. (94), in combination with the results in Egs. (92) and (93), we find

JP) = 22 f e /21 — e~ (Fhax—v?) (95)

2n-1Y

IO (y) = L2 e—YZ/z 1 — e~ Whax—¥?) (96)

(2n 1)3 y3

Overall, by Eq. (91), we see that JV(Y) ~%, while, by Egs. (95) and (96), ]<2)(Y)~§ e Y*/2 and

(3)(Y) e V2 for Y » 1. Thus, the value of J,(Y) in Eq. (87) converges to 1 in the large-Y limit.

Therefore, by Eq. (86), the value of I,,(Y; {Z(*)}) converges to the result stated in Eq. (21). QED
(IIl) Derivation of Eq. (69) for the X-coordinate of apex, stating that Xgper = % in the small-a limit. By Eq.

(46) [with cos(H(O)) = 0] and Egs. (52), (53) and (57), one has, to the leading order for small a, i.e. large Y;2,

—y? _y2
COS(Q(Y)) e /2 = ’%a = Cos(geff) =e Yin/2 (97)
for Y > 0(1) ,ie. 6 €[0,0.¢¢] . Next, by geometry,

- _ fn/z 1 (98)

_ (Xapex _ (Ym dX _ (Ym
Xapex = fg ax = fo dy — _fo ay d0 tan(B)

ay

tan(e)

By Eq. (97), one easily finds that,
ay —tan(0)
BT T—— (99)

Y2, +In[cos2(0)]

in the range ¥ > 0(1) ,i.e. 6 € [0,8,5f] , which dominates the integral Eq. (98). Thus, by Eqs. (98) and (99),
to the leading order for small-a, i.e., large Y,,,

Oe tan(0 1 1 (0, 1
Xapex — fo ff de an(6) = afo ff do (100)

Y2 +In[cos2(6)] tan(6) 1+éln[cosz(9)]

By Eq. (100), for a large Y;2 (whence, by Eq. (97), Ocrr — ™/2), one obtains the asymptotic result,

2
Xapex(@) = - 3 d0 = 7= —~ (101)
2 ln( >

G-

QED.

Note that X,per(a) = 0 in the small a limit, unlike the Yg,e.(a) =Y, () which diverges in this limit.
Therefore, the USRSE aspect ratio, Yg,ex(@)/Xgpex(a) diverges in the small a limit,
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2
Yapex(@) — 2 [Ym(a)] — 2 In (ni) (102)

Xapex(a) T T

Thus, for small a values, USRSEs assume forms that are very elongated along Y-axis. Therefore, the string arc-

Sapex—R2max

length from the planet to the apex, Sqpex is nearly equal to Ry 4. Let us calculate = Sapex — Ymaxs

to the leading order for small-a, i.e., large Y;2:

_ (Ym dX Ym 4 _
Sapex — Y = fO dY[ 1+ (E B 1] f [sm(e) B 1] N fz do SIH(G) - 1] (103)

Thus, by Egs. (98) and (103), to the leading order for small-a, i.e., large Y.

S — eff de tan(e) 1 _ 1 eff 1—- Sin(e) 104
apex — /an +In[cos?(8)] [sin(e) ] f / +_1n[cosz(9) [ cos(0) (104)
By Eq. (104), for a large Y;2 (whence, by Eq. (97), Ocrr — ™/2), one obtains the asymptotic result,
_ 1 rm/2 1-sin(6) _ In(2)
Sapex — Ym = Efo dé oo0s® Yl (105)
Thus, for small a (i.e., large Y;;,),
In(2) In(2)
Sapex —Im = Y:(a) == (106)
ln(ni>
S5

By Eq. (106) and (101), Sgpex — Y and Xgpe, scale the same way in the large Y;2 limit, with universal ratio,

Sapex—Ym __ 2In(2)

Xapex L

(107)
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